The effect of rotation on the heat transfer between two nanoparticles by Ameri, Vahid & Eghbali-Arani, Mohammad
The effect of rotation on the heat transfer between two nanoparticles
Vahid Ameri1, ∗ and Mohammad Eghbali-Arani2
1Department of Physics, Faculty of Science, University of Hormozgan, Bandar-Abbas, Iran
2Department of physics, University of Kashan, Kashan, Iran
Quantizing the electromagnetic vacuum and medium fields of two nanoparticles, we investigate the
heat transfer between them. One of the particles has been considered to rotate by angular velocity
ω0. The effect of rotation on the absorbed heat power by the rotating nanoparticle is discussed. The
results for angular velocities much smaller than the relaxation frequency Γ of the dielectrics are in
agreement with the static nanoparticles, however increasing the angular velocity ω0 in comparison
to the relaxation frequency of the dielectrics (ω0 > Γ) generates two sidebands in the spectrum of
the absorbed heat power. The well-known near-field and far-field effects are studied and it is shown
that the sidebands peaks in far-field are considerable in comparison to the main peak frequency of
the spectrum.
Development of nanotechnology in a wide variety of
physical, chemical, biological, and medical contexts, es-
pecially in the case of rotating nanoparticles (NPs), has
raised great interest. Using rotating NPs for targeting
cancer cells could be one of the most important appli-
cations of them [1–3]. Trapping and rotating NPs have
been studied intensely using different methods [4–6]. Be-
sides the important biomedical applications of rotating
NPs, the effect of them also considered in some other
cases e.g, on the instability of dust-acoustic waves [7].
Heat transfer in the nanoscale has been studied in a
variety of nanofluids [8–10], nano to macro scales [11,
12], systems of a plane surface and NPs [13–16], between
two NPs [17], between moving bodies [18], two parallel
metallic surfaces [19, 20], two nanowires [21], and heating
of NPs [22]. As the rotation of nanoparticles is getting
important, one can ask, how does the rotation affect the
heat transfer of NPs? It has been shown that the heat
transfer absorbed by rotating NP from a plane surface
could be changed [13].
The aim of this work is to find the effect of rotation
on the heat transfer between two NPs. To this aim, we
consider a system of two NPs where one is located at
the origin and the other one rotating along its axis of
symmetry (axis z) and located on axis z a distance d
from the origin (Fig.1).
Using the canonical field quantization approach, we
find the explicit form of the quantized electromagnetic
and dielectric fields in the non-relativistic regime, then
the heat power absorbed by rotating NP is easy to derive
in this scheme. A general formula for the heat power
absorbed by a rotating NP from a static NP is obtained
and the effect of rotation is discussed.
∗Electronic address: vahameri@gmail.com
FIG. 1: A rotating nanoparticle located on axis z a distance
d from a same static NP at the origin.
I. ELECTROMAGNETIC FIELD
QUANTIZATION
The Lagrangian describing the whole system contain
a term represent the electromagnetic vacuum field plus
terms modelling the dielectrics and their interaction with
the electromagnetic vacuum field. Following the method
introduced in [13, 23], we study the heat transfer to the
rotating NP and its physical consequences.
We consider the following Lagrangian for the men-
tioned system,
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where X1 and X2 are the dielectric fields describing the
first (rotating) and second NPs respectively and ω0 is the
angular velocity of the rotating NP. NPs are considered
to be in local thermodynamical equilibrium at temper-
atures T1 and T2 respectively. fij(ν, t) is the coupling
tensor between the electromagnetic vacuum field and the
medium fields X1 and X2. As the NPs are considered
to be totally similar, they should have identical coupling
tensor while to take care of the rotation of NP.1, its cou-
pling tensor fij(ν, t) is considered to be time dependent
and for NP.2 it is time-independent as fij(ν, t = 0) where
fij(ν, t) =
 fxx(ν) cos(ω0t) fxx(ν) sin(ω0t) 0−fyy(ν) sin(ω0t) fyy(ν) cos(ω0t) 0
0 0 fzz(ν)
 .
To derive the Lagrangian Eq.(1), the coordinate deriva-
tive and field transformation between rotating and fixed
frames are used. As the electromagnetic fields are non-
rotating fields, there is no need to modify them.
The response function χ0kk(ω), corresponding to set
ω0 = 0, can be obtained in terms of the diagonal compo-
nents of the coupling tensor fij(ν, t) as [23],
χ0kk(ω) = 0
∫ ∞
0
dν
f2kk(ν)
ν2 − ω2 . (2)
The response functions of the rotating NP in the labora-
tory frame can be written in terms of χ0kk(ω),
χ1zz(ω,m) = χ
0
zz(ω −mω0), (3)
χ1xx(ω,m) = χ
1
yy(ω,m)
=
1
2
[χ0xx(ω+ −mω0) + χ0xx(ω− −mω0)],
χ1xy(ω,m) = −χ1yx(ω,m)
=
1
2i
[χ0xx(ω+ −mω0)− χ0xx(ω− −mω0)],
where ω± = ω ± ω0.
Defining P ki (r, t) = 0
∫∞
0
dνfij(ν, t)X
k
j (r, t, ν), as
the electric polarization components of NPs and using
Eq.(1), we obtain the equations of motion for the elec-
tromagnetic and matter fields as
P1(r, ω) = PN,1(r, ω) + 0χ
1(ω,−i∂ϕ)E,
P2(r, ω) = PN,2(r, ω) + 0χ
0(ω)E,{
∇×∇× − ω
2
c2
I− ω
2
c2
χ1(ω,−i∂ϕ)− ω
2
c2
χ0(ω)
}
·E
= µ0ω
2(PN,1 +PN,2), (4)
where PN,1 and PN,2 are the fluctuating or noise electric
polarizations correspond to the fluctuating or noise mat-
ter fields XN,1 and XN,2 for the rotating and static NPs
respectively. One can expand them in terms of ladder
operators as
XN,1i (ρ, ϕ, z, ν, t) =
∑
m
[
eimϕei(ν−mω0)t a†i,m(ρ, z, ν)
+ e−imϕe−i(ν−mω0)t ai,m(ρ, z, ν)
]
,
XN,2i (r, ν, t) = e
iνt b†i (r, ν) + e
−iνt bi(r, ν). (5)
In case of holding the NPs in thermal equilibrium at tem-
perature T1 and T2, we have
〈a†i,m(ρ, z, ν) aj,m′(ρ′, z′, ν′)〉T =
~
4piν
nT1(ν) δmm′δij
δ(ν − ν′)δ(ρ− ρ
′)δ(z − z′)
ρ
, (6)
〈b†i (r, ν), bj(r′, ν′)〉T =
~
2ν
nT2(ν) δij δ(ν − ν′)δ(r− r′),
where nT (ω) = [exp(~ω/kT )− 1]−1.
Using (4) and the dyadic Green’s tensor Gij , we find
Ei(r, ω) = E
0
i (r, ω) + µ0ω
2
∫
V1
dr′Gij(r, r′, ω)P
N,1
j (r
′, ω)
+µ0ω
2
∫
V2
dr′Gij(r, r′, ω)P
N,2
j (r
′, ω),(7)
where the first term on the right-hand side of (7) cor-
responds to the fluctuations of the electric field in elec-
tromagnetic vacuum, while the second and third terms
are the induced electric field due to the fluctuations of
the electric polarization of the NPs. Mitsui and Aoki
reported an Observation of spontaneous quantum fluctu-
ations in photon absorption by atoms where it is a kind
of heat transfer [24].
II. HEAT TRANSFER
The rate of work done by the electromagnetic field on
a differential volume dr of a dielectric is given by j · (E+
v × B)dr where j = ∂tp − ∇ × (v × p) is the current
density in matter. In non-relativistic regime, we ignore
the terms containing velocity v; therefore, the radiated
power of the rotating NP can be written as
〈P〉 =
∫
V
dr
∫ ∫ ∞
−∞
dω
2pi
dω′
2pi
e−i(ω+ω
′)t(iω)〈P(r, ω)·E(r, ω′)〉.
(8)
3The radiated power 〈P〉 contains all emitted and ab-
sorbed energy of the rotating NP due to the interaction
with electric field E. One of the terms contains the fluc-
tuating electrical polarization of the static NP at the ori-
gin 〈pN,2i (r, ω) · pN,2j (r′, ω′)〉, which we will focus on in
the following, is responsible for the heat transfer power
〈P〉HT from the static NP at the origin to the rotating
NP on the axis z a distance d from the origin. Using Eqs.
(7), and (8), we derive
〈P〉HT =
2~
pi
∫ ∞
0
dω
ω5
c4
Im [α1ij(ω)]Im [α
0
kk(ω)]nT2(ω)
×
∫
dr′Gik(r, r′, ω)G∗kj(r, r
′, ω). (9)
where Im [αij(ω)] = V Im [χij(ω,m = 0)] and V repre-
sents the volume of NPs. One can find a proper dyadic
Green’s tensor Gij for Eq.(7) as
Gij(r, r
′, ω) =
eikR
R3k2
[(k2R2 + ikR− 1)δij
−(k2R2 + 3ikR− 3)RiRj
R2
], (10)
where R = r − r′ and k = ω/c. In this work, the inter-
particle distance d between NPs are chosen to be much
bigger than their radius, therefore, it is a good approxi-
mation to consider them as point-like particles. On the
other hand, using this approximation, the components of
dyadic Green’s tensor Gij can be simplified to
Gxx(0, dzˆ, ω) = Gyy(0, dzˆ, ω) =
eikd
d3k2
(k2d2 + ikd− 1),
Gzz(0, dzˆ, ω) =
2eikd
d3k2
(1− ikd), (11)
and all other components are vanished.
III. DISCUSSION AND RESULTS
To find some numerical results, the NPs are considered
to be made of Silicon Carbide (SiC) with similar radius
(a = 2nm), where the dielectric function is given by the
oscillator model [25],
ε(ω) = ε∞(1 +
ω2L − ω2T
ω2T − ω2 − iΓω
), (12)
with ε∞ = 6.7, ωL = 1.823 × 1014rad/s, ωT = 1.492 ×
1014rad/s, and Γ = 8.954× 1011rad/s.
It has been seen that in a cavity optomechanics, a mir-
ror oscillating with frequency ω0, the optical sidebands
are created around the incoming light frequency ω,
ω′ = ω ± ω0 (13)
although, in this work we are far from the cavity op-
tomechanics, but both cases contain a kind of oscillation
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FIG. 2: Logarithmic (base 10) plot of the absorbed heat
power spectrum of a rotating NP located on the axis z a
distance d = 10nm (near-field) from a static NP at the origin
as a function of frequency where the static NP is considered
to be at room temperature (T = 300K).
(a)
FIG. 3: Logarithmic (base 10) plot of the absorbed heat
power spectrum of a rotating NP ω0 = 2 × 1013rad/s, (a) a
non-rotating NP, located on the axis z a distance d = 10nm
from a static NP at the origin as a function of frequency for
different temperature of static NP.
frequency ω0 on the matter fields. Thus, one can ex-
pect identical results on the spectrum of the absorbed
heat transfer, where interestingly, it is supported by Fig.
(2). It shows that, increasing the angular velocity ω0,
can cause a couple of sidebands on the spectrum of the
absorbed heat transfer by rotating NP from the static
NP, where the sidebands appeared around the remarkable
peak frequency ω of the absorbed heat transfer spectrum
of non-rotating NPs. The sidebands frequencies are given
by Eq. (13). While the spectrum, for angular velocities
smaller than the relaxation frequency Γ of dielectrics, is
the same as the spectrum for non-rotating NPs. Having
a discontinuous behavior for ω0 < Γ and ω0 > Γ is not
surprising. In fact, the relaxation frequency Γ is well re-
4(a)
FIG. 4: Logarithmic (base 10) plot of total absorbed heat
power by the rotating NP with angular velocity ω0 , (a)
total absorbed heat power by the rotating NP with angu-
lar velocity ω0 divided by the total absorbed heat power of
non-rotating NP, as a function of the interparticle distance d
where the static NP is considered to be at room temperature
(T = 300K).
FIG. 5: Logarithmic (base 10) plot of the absorbed heat
power spectrum of a rotating NP located on the axis z a
distance d = 10mm (far-field) from a static NP at the origin
as a function of frequency where the static NP is considered
to be at room temperature (T = 300K).
lated to the response time of the dielectric to an external
electric field. So any change that happens faster than
this response time may cause new behaviors.
The effect of static NP temperature T2 on the spectrum
of the absorbed heat transfer of rotating Np has been
depicted in Fig. (3). As a result of that, the temperature
of the static NP will affect the absorbed heat transfer of
rotating and non-rotating NP in the similar way.
To focus more on the effect of rotation in the near
and far field of the static NP, the total absorbed heat
power of rotating NP as a function of the interparticle
distance d has been depicted in Fig. (4), where it pro-
vides a dependence on d−6 in the near field and on d−2 in
the far field as reported previously for non-rotating NPs
[17, 26]but interestingly, for ω0 = 5 × 1013, in the mean
while between the near field to the far field, interparti-
cle distances 10−6m to 10−4m, the total absorbed heat
power of rotating NP depends on d−4. In case of non-
rotating NPs, as one can see in Fig. (4), there is no such
effect and also no one has reported such functionality of
total absorbed heat power of a NP.
Fig. (4a) shows a transition on the total absorbed
heat power of rotating NP normalized by the total ab-
sorbed heat power of a non-rotating NP. Also, there is a
remarkable maximum around one micron on that.As it
appeared where the interparticle distance equals to the
wavelength of the peak frequency of the absorbed radia-
tion spectrum, it might be the effect of a resonance. As
a consequence of transition between near field and far
field of the static NP, One can expect, the effect of rota-
tion on the absorbed heat power of a rotating NP can be
quite different in near field and far field of the static Np.
Therefore, we renew the plot of Fig. (2), where it was
depicted in the near field, in far field of the static NP. In
Fig. (5) surprisingly, the contribution of sidebands peaks
has raised in compare to the main peak of the spectrum.
This future may find a lot of applications e.g in designing
the new optomechanical systems.
IV. CONCLUSIONS
In conclusion, the effect of rotation on the heat trans-
fer between two NPs has been analysed. Two sidebands
appeared around the peak frequency of the heat trans-
fer spectrum of non-rotating NPs. While the peaks of
the sidebands are so small in compare to the main peak
in the near field, they are considerable in the far field
even up to the same order of magnitude in compare to
the main peak frequency of the spectrum. It has been
shown that the total absorbed heat power of a rotating
NP, with angular velocities ωo larger than the relaxation
frequency Γ of the dielectric, experience a new regime
between the near field and the far field where it provides
the dependence on d−4 and the range of this interesting
regime decreases by the angular velocity of the NP and
finally vanishes for the angular velocities smaller than the
relaxation frequency Γ of the dielectric.
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